We propose a procedure for the D → 4 limit of Einstein-Gauss-Bonnet (EGB) gravity that leads to a well defined action principle in four dimensions. Our construction is based on compactifying D-dimensional EGB gravity on a (D − 4)-dimensional maximally symmetric space followed by redefining the Gauss-Bonnet coupling α → α D−4 . The resulting model is a special scalar-tensor theory that belongs to the family of Horndeski gravity. Static black hole solutions in the scalar-tensor theory are investigated. Interestingly, the metric profile is independent of the curvature of the internal space and coincides with the D → 4 limit of the usual EGB black hole with the unusual Gauss-Bonnet coupling α D−4 . The curvature information of the internal space is instead encoded in the profile of the extra scalar field. Our procedure can also be generalized to define further limits of the Gauss-Bonnet combination by compactifying the D-dimensional theory on a (D − p)-dimensional maximally symmetric space with p ≤ 3. These lead to different D → 4 limits of EGB gravity as well as its D → 2, 3 limits.
Introduction
Nearly half a century ago, Lovelock showed that Einstein gravity could be extended by an infinite series of higher curvature terms such that the equations of motion remain second order [1] . The simplest such extension is Einstein-Gauss-Bonnet (EGB) gravity in dimensions
When D = 4, the Gauss-Bonnet combination becomes a topological invariant and captures the global property of spacetime in the quantum gravity path integral. In D > 4, the EGB gravity obeys Birkhoff's theorem and admits analytical static spherically symmetric solutions [2] 
f ± (r) = 1 + ,
where dΩ 2 D−2 is the metric of an (D − 2)-dimensional unit sphere, and Ω D−2 is its volume. In view of the unitarity constraint α > 0 [4] , only solutions with f − correspond to black holes [3] . EGB gravity also admits topological black hole solutions with non-sphere horizon topology [5] . Thermodynamics of EGB black holes has been widely studied [5] [6] [7] [8] . The black hole entropy computed using Iyer-Wald formula [9, 10] exhibits a simple deviation from the Bekenstein-Hawking area term
where r + is the radius of the outermost horizon. The recently revived interests on EGB gravity is based on the observation that a limiting procedure defined as [11] α
followed by taking D → 4 appears to retain non-trivial effects from the Gauss-Bonnet term on the black hole solutions [12] . However, if the action (1) with α replaced by α/(D − 4) is to be treated as the action of the limiting theory, one immediately encounters a problem. From (4), it is evident that the entropy of the black hole solutions obtained via the limiting procedure diverges as D → 4. The standard thermodynamic relation between free energy and entropy also implies divergence in the on-shell Euclidean action. Thus the naive limiting procedure cannot properly describe topologically nontrivial solutions. In order to obtain a finite entropy for the limiting black hole solution, a diffeomorphism invariant regularisation is indispensable.
Moreover, without a well defined local action, it is unclear how to count the dynamical degrees of freedom at fully nonlinear level using Hamiltonian analysis.
With the above questions in mind, we propose an action principle that defines the limit more concisely. Our procedure begins with the compactification of D-dimensional EGB gravity on a maximally symmetric space of (D − 4) dimensions, keeping only the breathing mode characterizing the size of the internal space. After removing a total derivative term, the limit (5) can be smoothly applied, resulting a finite action taking the form of some special Horndeski gravity [13] or generalized Galileons [14, 15] of the entropy of the EGB black holes in the limit (5) . Our action can therefore account for the Euclidean path-integral for the topologically nontrivial solutions.
2 Limits of Einstein-Gauss-Bonnet gravity in D < 5
We begin with the parametrization of D-dimensional metric
where the breathing scalar φ depends only on the external p-dimensional coordinates, ds 2 p is the p-dimensional line element and dΣ 2 D−p, λ is the line element of an internal maximally symmetric space of (D − p) dimensions with curvature tensor
The action (1) then consistently reduces to the p-dimensional action 1
where G µν is the Einstein tensor. In this paper, we restrict to the case p ≤ 4 in which the Gauss-Bonnet combination is either topological or identically 0. Therefore we can add
to the action (8), leaving the field equations inert. We now redefine the Gauss-Bonnet coupling by α → α D−p and take the limit D → p, yielding
The action above defines a limit for EGB not only in D = 4 but also in D < 4. Similar to the Gauss-Bonnet combination, the coefficients in the limiting action (10) is independent of the spacetime dimensions. (The theory can thus be promoted to general higher dimensions, at the price that the connection to the EBG theory is lost.) When λ = 0, corresponding to flat "internal" space, the theory is invariant under a constant shift of φ.
In fact, the action (8) admits two more classes of lower-D limits. The first one is to scale α → α D−p−1 followed by D → p + 1. This leads to theories in p ≤ 3 dimensions:
The second one exists only in p ≤ 2 and is defined by
which results in
Both classes include new D → 4 limits that actually yield lower p-dimensional theories.
Black hole solutions
We now study black hole solutions in four dimensions. We adopt the ansatz for the metric and scalar field φ
where k = −1, 0, 1. Upon substituting the ansatz to S 4 in (10), we obtain the effective Lagrangian for variables (f, χ, φ)
where some total derivative terms were dropped. The equations of motion can be simplified and (f, φ) form a closed subsystem of equations
and χ is given by
where P is a complicated expression of rational polynomials of functions (f, φ ) and λe −2φ .
When λ = 0, the equations involve (φ , φ ) only.
χ = 0
It follows from (17) that χ = 0 is a consistent truncation. In this case, f and φ satisfy
The most general solution for f is
This is precisely the D → 4 limit of the EGB black hole discussed in the introduction which also arises in the conformal anomaly inspired gravity [18] . The metric is independent of the parameter λ, but the scalar φ is. For generic λ, the solution for φ is given by
where L is an arbitrary integration constant. We note that since the left-hand side of (19) is non-negative, λ and k cannot be simultaneously negative. When λ , k > 0, φ + diverges at an intermediate radius value between the horizon and infinity and thus should be discarded. When k < 0, the expression (21) can still be real once
Although in general φ ± has log(r) divergence asymptotically, the solutions are still well defined since only φ and e −2φ , which are convergent, appear in the theory, giving rise to no modification to the black hole mass. For λ = 0 and k = 1, φ − vanishes asymptotically, which we shall revisit presently.
Using the Iyer-Wald formula, the entropy of the black hole (k = 1) can be obtained as
where we have absorbed an inessential constant contributed from αλRe −2φ term to L. (The G µν ∂ µ φ∂ ν φ does not contribute to any entropy [19] .) It is easy to see that the first law of black hole thermodynamics dM = T dS is satisfied if L is held fixed. Since L is an arbitrary constant, there seems to be an ambiguity in the black hole entropy. In fact, similar ambiguity is also present in the D → 4 limit of entropy (4) . To see this, we first parameterize the D-dimensional 
where the reference scale is not determined from first principle. By comparing the expression above with the entropy computed using Iyer-Wald formula (22), it seems that within the scalartensor theory, the reference scale can be understood as the integration constant arising from solving the scalar field equation.
When the mass parameter M vanishes, the metric becomes maximally symmetric spacetimes with
However, the full spacetime symmetry can be broken since φ can be r-dependent. The true spacetime vacuum is when φ = φ 0 is constant, satisfying 
The equations become much more complicated and it is unlikely to have analytical solutions with χ = 0. We shall study this issue using numerical approach. For simplicity, we consider the Λ 0 = 0 = λ case, where the χ = 0 black hole was constructed earlier. Asymptotically, the leading falloffs read
with the two φ branches
It is clear that only the second branch yields an asymptotically-flat black hole. (See earlier discussions.) For non-vanishing χ, the asymptotic behaviors are
The leading falloffs of φ − and φ are the same but in opposite signs, and the χ = 0 solution is therefore asymptotically flat. One can naturally ask whether there exists some horizon structure that integrates out to the above asymptotic region. After a careful analysis, we find that regularity requires that χ = 0 in the vicinity of the horizon. This seems to suggest that the asymptotic structure (28) is not related to a black hole. Numerical results however reveal something more intriguing. It follows from (16) that (f, φ) form a closed system of equations and can be solved within themselves, and we can then read off χ from (17) . For a concrete example, we take α = 1 and M = 1 for numerical analysis, and we present χ in the left plot of Fig. 1 . We integrate from large r to 0, and we see that as r runs from the asymptotic infinity to the middle, χ increases and reaches the maximum at r 2 = 2.968 and then decreases to zero at r 1 = 2.798. What is intriguing is that once χ vanishes, it stays zero and the solution begins to run as the χ = 0 solution of the φ + branch with M = 1.4576, until it reaches the horizon at r + = 2.5181, as indicated by the plots of f and φ in Fig. 2 
Conclusions
In this paper, we proposed a mathematically more rigorous definition for the D → 4 limit of EGB gravity. It involves compactifying D-dimensional EGB gravity on a (D − 4)-dimensional maximally symmetric space, subtracting a (divergent) total derivative term and redefining the Gauss-Bonnet coupling α → α D−4 . The resulting model is a special scalar-tensor theory that belongs to the family of Horndeski gravity. We also studied static black hole solutions in this theory and observed that the metric profile coincides with that of EGB black holes under the limit (5), unaffected by the curvature of the internal space on which the original EGB is compactified. The profile of the scalar field does depend on the internal curvature. We also obtained new black holes whose EBG origin remains to be investigated.
Our procedure can be generalized to define further limits of Gauss-Bonnet combination by compactifying the D-dimensional theory on a (D − p)-dimensional maximally symmetric space with p ≤ 3 together with an appropriate redefinition of its coupling. These lead to different D → 4 limits of EGB gravity as well as its D → 2, 3 limits which are described by lower-dimensional Horndeksi models, of which the black hole solutions are not well-understood and deserve future research. We believe that applying our procedure to general Lovelock theories, one can also obtain non-trivial lower dimensional limits described by more general Horndeski models in various dimensions. Finally, it should be interesting to investigate the cosmological implication of the particular four-dimensional Horndeski model obtained in the paper.
